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A NEW CONSTRUCTION OF P-ADIC RANKIN
CONVOLUTIONS IN THE CASE OF POSITIVE SLOPE
by
Mathieu Vienney
Abstract. —
Given two newforms f and g of respective weights k and l with k < l, Hida constructed
a p-adic L-function interpolating the values of the Rankin convolution of f and g in the
critical strip l ≤ s ≤ k. However, this construction works only if f is an ordinary form.
Using a method developed by Panchishkin to construct p-adic L-function associated with
modular forms, we generalize this construction to the case where the slope of f is small.
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1. Introduction
In this article, we consider p a prime number and N an integer prime to p. Given two
primitive modular forms f =
∑∞
n=1 anq
n of weight k ≥ 2 for the congruence subgroup
Γ0(N), with Dirichlet character ψ, and g =
∑∞
n=1 bnq
n of weight l < k and character ω,
we can define their Rankin convolution by
DN(s, f, g) = LN (2s+ 2− k − l, ψω)L(s, f, g)
where
L(s, f, g) =
∞∑
n=1
anbnn
−s
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It is a complex function whose analytic properties where studied by Rankin in the
1930’s. Later, the arithmetic properties of its special values were studied by Shimura in
[Shi76], proving algebraicity results.
The goal of this article is to construct a p-adic function interpolating the values taken
by the Rankin convolution in the critical strip l ≤ s ≤ k − 1.
Several such functions have already been constructed, especially by Hida ([Hid85]) in
the case where ap is a p-adic unit (the ordinary case) or by Vinh Quang My ([My92]) in the
case of Hilbert modular forms. Here, we give another construction extending the ordinary
case, which we call the case of positive slope. Let explain quickly this appellation : in
what follows, we will consider the p-th Hecke polynomial of f : X2 − apX + ψ(p)p
k−1
which we factor in (X−α)(X−α′), with vp(α) ≤ vp(α
′). The theory of Newton’s polygon
implies that the p-adic valuation of α is the smallest slope of the Newton polygon of the
polynomial. In the ordinary case, since ap is an unit, this slope is zero. Our construction
works even in the case when this slope is non-zero (but only when 2([vp(α)]+1) ≤ k− l).
Hida’s construction is quite complicated, and cannot be generalized to the case of
positive slope. Here we will ameliorate this method using a general method developed
by Alexei Panchishkin in [Pan02] to construct p-adic L functions associated to modular
forms.
This method (explained in details in the second part of this article) has several steps :
1) the construction of a family of distributions with values in some spaces of modular
forms (in our case nearly holomorphic modular forms)
2) the application of a projector πα onto a subspace of finite dimension, which is the
characteristic subspace of the Atkin-Lehner operator Up, associated with an eigenvalue
α.
3) the construction of an admissible measure “glueing” the different distributions
4) the application of a well-chosen linear form in order to obtain scalar-valued distri-
butions.
Using this method, the goal of the third part of this article will be to prove the following
theorem :
Theorem A. — Let f , g and α be defined as previously, and b prime to Np.
If 2([vp(α)] + 1) ≤ k − l, then there exists an unique (k−l)-admissible measure ˜Phi
α
over
Y = lim
←−
Yν = lim←−
(Z/NpνZ)× such that for all ν ≥ 1 and all r ∈ {0, 1, . . . , k − l − 1} :
∫
a+(Npν)
yrpdΦ˜
α = (Uα)−2νπα
(
U2ν
∑
y∈Yν
ψω¯(y)g((y2a)ν)E
b
r,k−l((y)ν)
)
where g((a)ν) and E
b
r,k−l((y)ν) are distributions that will be defined in the second part.
The hardest point in the proof of this theorem is the verification of two conditions
(especially the one called the divisibility condition) imposed by Panchishkin’s method.
We will use techniques developed by Bertrand Gorsse in his PhD thesis ([Gor06]).
In the last chapter, we will compute the values of the Mellin transform of this measure
and link them to the special values of Rankin convolution. More precisely :
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Theorem B. — Under previous hypothesis over f, g and α, for all χ ∈ Homcont(Y,C
×
p )
tors
and r ∈ {0, 1, . . . , k − l − 1},
(−1)k+rlf,α
(∫
Y
χ(y)yrpdΦ˜
α(y)
)
= α−2ν(1−bk−l−2rψχ¯(b))
DNp2ν+1(l + r, f
ρ
0 , g(χ) |l WNp2ν+1)
〈f 0, f0〉Np
× π−l−2r−121−k−l−2rN1−(k−l−2r)/2p(2ν+1)(1−(k−l−2r)/2)(−1)rik−l−1Γ(l + r)Γ(r + 1)
where f0 is the eigenfunction of U associated with f , f
0 = f ρ0 |k WNp and WNpν =(
0 −1
Npν 0
)
2. Notations and generalities
In this article, we denote by p a fixed prime number, and Qp the field of p-adic numbers,
equipped with its normalized p-adic norm (i.e. |p|p = p
−1). We denote by Zp the ring of
p-adic integers and the Tate field (the completion of an algebraic closure of Qp) by Cp,
and recall that it is also algebraically closed.
In what follows, it will be useful to consider algebraic numbers as p-adic numbers, so
we set once and for all an embedding ip : Q¯ →֒ Cp, and if there is no risk of confusion
write x instead of ip(x).
2.1. Classical modular forms. — Here, we just specify the notations we use, for
more informations about holomorphic modular forms, the reader can refer to [Shi71] or
[Miy89].
As usual, we define the congruence subgroups of SL2(Z) as follows :
Γ0(N) =
{(
a b
c d
)
∈ SL2(Z)|c ≡ 0 mod N
}
Γ1(N) =
{(
a b
c d
)
∈ SL2(Z)|c ≡ 0, a ≡ d ≡ 1 mod N
}
For k a positive integer, we define an action of these groups over functions defined on
Poincar half-plane H = {z ∈ C | Im(z) > 0 } by
f |k
(
a b
c d
)
= (cz + d)−kf
(
az + b
cz + d
)
For k,N two positive integers, we denote by Mk(Γ1(N)) (resp. Sk(Γ1(N))) the space
of holomorphic modular forms (resp. holomorphic parabolic forms) of weight k for Γ1(N).
Such forms have Fourier developments of the type f(z) =
∑∞
n=0 ane
2ipinz. We will often
write q instead of e2ipiz, or sometimes e(z), where e is the function z 7→ e2ipiz.
In the case where all the Fourier coefficients of f =
∑
anq
n are algebraic, we set the
p-adic norm of f to be |f |p = supn |an|p. It is a well defined norm.
We define the Petersson inner product over these spaces of modular forms by
< f, g >Γ1(N)=
∫
Γ1(N)\H
f(z)g¯(z)yk
dxdy
y2
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If χ is a Dirichlet character modulo N , we extend it in a character of Γ0(N) by
χ(γ) = χ(d) where γ =
(
a b
c d
)
∈ Γ0(N)
Then, the subspace of Mk(Γ1(N)) (resp. Sk(Γ1(N))) of functions f satisfying
f |kγ = χ(γ)f, ∀γ ∈ Γ0(N)
is denoted by Mk(Γ0(N), χ) (resp. Sk(Γ0(N), χ)).
The Hecke operator of index n will be denoted by T (n), and the matrix of the principal
involution of level N by WN =
(
0 −1
N 0
)
.
2.2. Nearly holomorphic modular forms. — As in the previous section, we just
specify here the notations for later use. A good introductory reference about nearly
holomorphic modular forms is [Hid93].
Nearly holomorphic modular forms are functions defined over H , infinitely differen-
tiable when considered as functions in two real variables, which satisfy some automorphic
properties (the same as classical modular forms) and growth conditions. We denote by
Mrk(Γ0(N), χ) the space of nearly holomorphic modular forms of weight k, type r, and
Dirichlet character χ modulo N .
Recall that such functions have a Fourier expansion of the type :
f(z) =
r∑
j=0
(4πIm(z))−j
∞∑
n=0
a(n, j, f)e2ipinz =
r∑
j=0
(4πy)−j
∞∑
n=0
a(n, j, f)qn
In the case when all the Fourier coefficients of f =
∑r
i=0(4πy)
−i
∑∞
n=0 a(i, n)q
n are
algebraic, we define the p-adic norm of f by : |f |p = supi,n |a(i, n)|p. It is a well-defined
norm, extending the one over holomorphic modular forms with algebraic coefficients.
2.3. Distributions and measures. — Let Y be a profinite topological group, i.e. a
projective limite of finite groups : Y = lim
←−
i
Yi (in our case we only need to consider the
case where Y = lim
←−
ν
(Z/NpνZ)
×), Y being equipped with the topology induced by the
product topology, where the Yi are considered as discrete groups.
Definition 2.1. — As usual when Y = Zp, a + (p)ν = (a)ν will denote the open set
{x ∈ Zp | a ≡ mod p
ν}, and when Y = lim
←−ν
(Z/NpνZ)
×, (a)ν will denote the open set
{x ∈ Y | x ≡ a mod Npν}.
As in classical analysis, distributions are linear applications over some function spaces.
Definition 2.2. — Let A be a commutative ring. We denote by Step(Y,A) the space
of locally constant functions over Y , with values in A. It is easy to see that such functions
can be factored trough one of the Yi. If M is an A-module, we call distribution over Y
with values in M a A-linear application : µ : Step(Y,A) → M . In the case where A is
equipped with a norm, a distribution is called a measure if it is uniformly bounded over
the open sets of Y .
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In this article, we just need to consider a certain class of distributions, namely admis-
sible measures (which we define only for Y = lim
←−ν
(Z/NpνZ)
×). A good reference about
admissible measures is [Viˇs76]
Definition 2.3. — For h > 0, let Ch(Y,Cp) be the space of locally polynomial functions
of the variable xp, of degree strictly less than h (where xp : Y → Cp is the canonical
projection).
Remark 2.4. — For h = 1, it is the space of locally constant functions C1(Y,Cp) = Step(Y,Cp)
Definition 2.5. — An h-admissible measure is a linear form µ : Ch(Y,Cp) → Cp veri-
fying the following growth condition : for r = 0, . . . , h− 1∣∣∣∣sup
a∈Y
∫
a+(Npν)
(xp − ap)
rdµ
∣∣∣∣
p
= o
(
|pν |r−hp
)
Every such linear form can be extended in an unique way in a linear form over
Cloc−an(Y,Cp), the space of locally analytic functions.
For an admissible measure µ, we define its Mellin transform Lµ to be the function
defined over Xp = Homcont(Y,C
×
p ) by
Lµ(x) = µ(x) =
∫
Y
xdµ
In fact, it can be proved that this function is always Cp-analytic (over the p-adic analytic
group Homcont(Y,C
×
p )). Moreover, we have the following important unicity result :
Theorem 2.6. — Let Φ˜ be an h-admissible measure over Zp, with values in Cp. Then
Φ˜ is uniquely determined by the numbers:
LΦ˜(χ(x)x
j
p) =
∫
Zp
χ(x)xjpdΦ˜, where j = 0, 1, . . . , h− 1 and χ ∈ X
tors
p
3. Panchishkin’s method
In [Hid85], Hida treated the case where f is what he calls an ordinary form, meaning
that its p-th Fourier coefficient is a p-adic unit. To that goal, he uses spaces of p-
adic modular form, i.e. subrings of Cp[[X ]] generated by formal series corresponding to
modular forms of fixed weight, level or character. Then, using inverse limits, he introduces
p-adic Hecke algebras acting over these spaces of p-adic modular forms. Especially, he
constructs an element e of these Hecke algebras whcih is idempotent and whose image is
of finite dimension. Here is the point where f needs to be ordinary since in the contrary
case f | e = 0. The end of its method is quite similar to the one we will develop later,
also using nearly holomorphic modular forms and a similar linear form.
However, this construction is quite fastidious and only works with ordinary forms.
The method we expose now was developped by Alexei Panchishkin in [Pan02], [Pan03a]
and [Pan03b] in order to construct p-adic L functions of modular forms. In a general way,
there are two principal steps :
– the construction of distributions with values in finite dimensional spaces of nearly
holomorphic modular forms
– the use of a linear form in order to obtain scalar-valued distributions.
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3.0.1. Spaces of modular forms. — Let N ′ be a non-negative integer prime to p, k a
positive integer and r a non-negative integer. Then we denote by Mr,k(N
′pν , Q¯) the
space of nearly holomorphic modular forms for Γ1(N
′pν), of weight k, of type r and
whose coefficients are algebraic.
Definition 3.1. — Using previous notations, we define
M =Mr,k =
⋃
ν≥0
Mr,k(N
′pν , Q¯)
It is a vector space over Q¯, unfortunately of infinite dimension.
This space of modular forms is equipped with a p-adic norm given by∣∣∣∣∣
r∑
i=0
(4πy)−i
∞∑
n=0
a(i, n)qn
∣∣∣∣∣
p
= sup
i,n
|a(i, n)|p.
and with the Atkin-Lehner operator U = Up defined as follows
g |k U
m = pm(k/2−1)
∑
u mod pm
g |k
(
1 u
0 pm
)
= p−m
∑
u mod pm
g
(
z + u
pm
)
It acts over the Fourier coefficients through(
r∑
i=0
(4πy)−i
∞∑
n=0
a(i, n)qn
)
|k U
m =
r∑
i=0
(4πy)−ipmi
∞∑
n=0
a(i, pmn)qn
so that it is a p-integral operator.
Serre proved in [Ser73] the following formula, denoting N ′0 = N
′p
Um = pm(k/2−1)WN ′0pmTr
N ′0p
m
N ′0
WN ′0
implying that Um (Mr,k(N
′
0p
m)) ⊂Mr,k(N
′
0)
3.0.2. Projection over finite-dimensional subspaces. — We wish now to work with finite
dimensional subspaces ofMr,k. The very first idea would be to consider the trace operator
given by :
Tr
N ′0p
ν
N ′0
=
∑
γ∈Γ0(N ′0p
ν)\Γ0(N ′0)
f |k γ
After normalization, it defines a projector given by
[Γ0(N
′
0) : Γ0(N
′
0p
ν)]
−1
Tr
N ′0p
ν
N ′0
However, when ν grows, the p-adic norm of the denominator grows quickly.
Instead of the trace, we will consider projection over finite dimensional subspaces as-
sociated with the operator U .
Definition 3.2. — For α ∈ Q¯, we set Mα =
⋃
n≥1
Ker(U − αI)n the characteristic sub-
space associated with α. We equally denote Mα(N ′pν) =Mα ∩Mr,k(N
′pν).
Proposition 3.3. — Let α be a non-zero element of Q¯. Then
i) (Uα)m :Mα(N ′0p
m)→Mα(N ′0p
m) is an invertible operator (m ∈ N).
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ii) The Q¯-vector space Mα(N ′0p
m) does not depend over m ∈ N and is equal to
Mα(N ′0).
iii) Let πα,m :M(N
′
0p
m)→Mα(N ′0p
m) be the canonical projector over the character-
istic subspace associated to α, with kernel
Kerπα,m =
⋂
n≥1
Im(U − αI)n =
⊕
β 6=α
Mβ(N ′0p
m)
Then the following diagram is commutative
M(N ′0p
m) piα,m
//
Um

Mα(N ′0p
m)
(Uα)m

M(N ′0) piα,0
//Mα(N ′0)
Proof. — i) The linear operator (Uα)m acts over a Q¯-vector space of finite dimen-
sion, with non-zero determinant.
ii) Obviously, Mα(N ′0) ⊂M
α(N ′0p
m). But by i),
Mα(N ′0) ⊂M
α(N ′0p
m) = Um (Mα(N ′0p
m)) ⊂Mα(N ′0)
iii) Being in finite dimension, it is a well-knowm fact that the projector πα,m is a
polynomial in U , so commutes with U . Moreover, the restriction of πα,m to M(N
′
0)
coincides with πα,0 because its image is⋃
n≥1
Ker(U − αI)n ∩M(N ′0) =
⋃
n≥1
Ker(U |M(N ′0) − αI)
n
and its kernel is⋂
n≥1
Im(U − αI)n ∩M(N ′0) =
⋂
n≥1
Im(U |M(N ′0) − αI)
n
3.0.3. Modular distributions. — We now consider distributions over Y = lim
←−
ν
Yν taking
values in M.
The following simple fact, directly coming from the orthogonality of characters will be
very useful later :
Proposition 3.4. — Let Φ be a distribution over Y and a ∈ Yν. Then
Φ(a + (Npν)) =
1
ϕ(Npν)
∑
χ mod Npν
χ(a)−1Φ(χ)
where ϕ is Euler’s totient function, and the sum is taken over all the Dirichlet characters
modulo Npν .
Definition 3.5. — Let Φ be a distribution over Y with values in M and α a non-zero
eigenvalue of U over M. We define the α-primary part Φα of Φ by∫
Y
ϕdΦα = πα,0(Φ(ϕ)) = (U
α)−νπα,0
((∫
Y
ϕdΦ
)
|k U
ν
)
∈Mα
for every step function ϕ in Step(Y, Q¯) and ν such that
∫
Y
ϕdΦ ∈M(N ′0p
ν).
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Remark 3.6. — The third assertion of the previous proposition proves that this defini-
tion does not depend over sufficiently large ν.
Theorem 3.7. — If |α|p = 1 ( i.e. if α is a p-adic unit), then Φ
α is a measure over Y
with values in Mα.
Proof. — It is sufficient to prove that the distribution Φα is in fact a measure, that is that
there exists a constant C > 0 such that for every open set a+(Npm), |Φα(a+(Npm))|p ≤
C. By hypothesis, there exists m′ such that
Φ(a + (Npm)) ∈M(N ′pm
′+1)
Then the α-primary part of Φ is
Φα(a+ (Npm)) = (Uα)−m
′
πα,0(Φ(a + (Np
m))|Um
′
)
Over the subspaceMα ⊂M, Uα = αI +Z where Z is a p-integral nilpotent operator.
Thereby for f ∈M, |f |U |p ≤ |f |p and |f |Z|p ≤ |f |p.
Next, all the functions
Φ(a+ (Npm))α = Φα(a+ (Npm)) = α−m
′
(α(Uα)−1)m
′
πα,0(Φ(a + (Np
m))|Um
′
)
are uniformly bounded since |α−1|p = 1 and
(α(Uα)−1)m
′
= (α−1Uα)−m
′
= (I + α−1Z)−m
′
=
n−1∑
j=0
(
−m′
j
)
α−jZj
where n is the dimensions of Mα over Q¯.
Binomial coefficients
(
−m′
j
)
being p-adic integers, this proves that the sum is bounded.
Now, we consider a finite family of distributions Φj : Step(Y, Q¯) → M, (j =
0, 1, . . . , r∗) and we prove an important theorem which will allow us to “glue” together
the distributions Φj (which are not necessarily bounded) to an admissible measure.
Theorem 3.8. — Let α be a non-zero eigenvalue of U , with 0 < |α|p < 1, and let
h = [vp(α)] + 1. Assume that there exists an integer κ ∈ N
∗ such that κh ≤ r∗ + 1 and
verifying the two following conditions :
i) Level condition : for all j ∈ {0, 1, . . . , r∗}, all ν ≥ 1 and all a ∈ Yν
Φj(a+ (Np
ν)) ∈M(N ′0p
κν)
ii) Divisibility condition : there exists C > 0 such that for all t ∈ {0, 1, . . . , r∗}, all
ν ≥ 1 and all a ∈ Yν∣∣∣∣∣Uκν
t∑
j=0
(
t
j
)
(−ap)
t−jΦj(a+ (Np
ν))
∣∣∣∣∣
p
≤ Cp−νt
Then the linear map Φ˜α : Cr
∗+1(Y, Q¯)→Mα defined by∫
a+(Npν)
yjpdΦ˜
α = πα,0 (Φj(a+ (Np
ν)))
for all j ∈ {0, 1, . . . , r∗} is a r∗ + 1-admissible measure.
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Proof. — To prove that the linear map we consider is an admissible measure, it is suffi-
cient to prove the growth condition defining admissible measures, that is to say that for
all a ∈ Y and all t ∈ {0, 1, . . . , r∗}∣∣∣∣
∫
a+(Npν)
(yp − ap)
tdΦ˜α
∣∣∣∣
p
= o(pν(r
∗+1−t)) as ν → +∞
On the one hand, over the subspace Mα(N ′0), we have U = αI + Z with Z a nilpotent
operator, verifying Zn = 0 where n is the dimension of Mα(N ′0) =M
α(N ′0p
ν) over Q¯.
On the other hand, by the definition of Φ˜α :∫
a+(Npν)
(yp − ap)
tdΦ˜α =
t∑
j=0
(
t
j
)
(−ap)
t−jπα,0(Φj(a+ (Np
ν)))
= α−κνακνU−κν
[
πα,0U
κν
(
t∑
j=0
(
t
j
)
(−ap)
t−jΦj(a+ (Np
ν))
)]
Moreover, by the same argument than previously, the operators
ακνU−κν = (α−1U)−κν = (I + α−1Z)−κν =
n−1∑
i=0
(
−κν
i
)
(α−1Z)i
are uniformly bounded by a constant C1 > 0, so by the divisibility condition∣∣∣∣
∫
a+(Npν)
(yp − ap)
tdΦ˜α
∣∣∣∣
p
≤ CC1|α|
−νκ
p |p
ν |t = o(pν(r
∗+1−t))
when ν → +∞ because |α|p = p
−vp(α), vp(α) < h, so p
κνvp(α) = o(pνκh) = o(pν(r
∗+1)).
3.0.4. Eigenfunctions of Atkin-Lehner’s operator. — We now introduce some basic no-
tions about eigenfunctions of the operator U .
Definition 3.9. — A primitive cusp form f =
∑
n≥0
anq
n ∈ Sk(Γ0(N), ψ) is said to be
associated with the eigenvalue α if there exists a cusp form f0 =
∞∑
n=1
a(n, f0)q
n such that
f0 | U = αf0 and f0 | T (l) = alf0 for every l ∤ Np.
In fact, if f =
∑∞
n=1 anq
n is a primitive cusp form, it is necessarily associated with an
eigenvalue.
Let X2−apX+ψ(p)p
k−1 be the p-th Hecke polynomial associated with this form, factored
into (X−α)(X−α′). Let f0 = f0,α be defined by f0 = f −α
′V (f) where V acts through
V (
∑∞
n=0 anq
n) =
∑∞
n=0 anq
pn
Proposition 3.10. — Under the previous hypothesis f0 | U = αf0.
Proof. — The Fourier expansion of f0 is
∞∑
n=1
a(n, f0)q
n =
∞∑
n=1
anq
n − α′
∞∑
n=1
anq
pn
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The expansion of f0 | U = f | U − α
′f is
∞∑
n=1
apnq
n − α′
∞∑
n=1
anq
n
To be able to link these two functions, we need to know more about their Fourier
coefficients, and so about those of f . f being primitive, we already know that f | T (p) =
apf . But a well-known formula asserts that the n-th Fourier coefficient bn of f | T (p) is
given by
bn =
{
apn si (n, p) = 1
apn + ψ(p)p
k−1an
p
si (n, p) = p
If (n, p) = 1, then anap = anp. But the n-th coefficient of f0 | U is apn − α
′an =
apn − (ap − α)an = αan, which is exactly the n-th coefficient of αf0.
In the case where (n, p) = p, by what we said before, Fourier coefficients of f verify
apan = apn + ψ(p)p
k−1an
p
.
So (α + α′)an = apn + αα
′an
p
.
Eventually
α(an − α
′an
p
) = apn − α
′an
so that αf0 and f0 | U have the same Fourier coefficients, so are equal.
There is no difficulty to verify the property about Hecke operators of rank prime to
Np, proving the following :
Proposition 3.11. — Every primitive cusp form is associated with at least an eigen-
value α of U . Moreover, we can choose for α a root of the p-th Hecke polynomial of
f .
3.0.5. Application of a suitable linear form. — Let α ∈ Q¯ be a non-zero eigenvalue of U
associated with a primitive cusp form f ∈ Sk(Γ0(N), ψ) and let
f0 = f0,α = f − α
′V (f)
be an eigenfunction of U such that f0 |k U = αf0. Set
f 0 = f ρ0 |k WN0 , f
ρ
0 =
∞∑
n=0
an(f0)q
n
Proposition 3.12. — i) U∗ = W−1N0 UWN0 acting over Sr,k(Γ0(N0), ψ) is the ad-
joint of the operator U with respect to Petersson inner product.
ii) f 0 |k U
∗ = α¯f 0, and for all “good” primes l ( i.e. l ∤ Np), T (l)f 0 = al(f)f
0
iii) For all g ∈Mr,k(Γ1(N0)), we have〈
f 0, g
〉
=
〈
f 0, πα,0(g)
〉
meaning that the linear form g 7→ 〈f 0, g〉 defined over Mr,k(Γ1(N0)) is zero over
Ker(πα,0).
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iv) If g ∈Mr,k(Γ1(N0p
ν),Q) and α 6= 0, then〈
f 0, πα(g)
〉
= α−ν
〈
f 0, Uν(g)
〉
where πα(g) = (U
α)−νπα,0(U
ν(g)) ∈ Mr,k(Γ1(N0p
ν),Q) is the canonical α-primary
projection of g.
v) We set
Lf,α(g) =
〈f 0, α−νUν(g)〉
〈f 0, f0〉
=
〈f 0, πα(g)〉
〈f 0, f0〉
Then it defines a linear form
Lf,α :Mr,k(Γ1(Np
ν+1), Q¯)→ Q¯
over Q¯ and there exists a unique Cp-linear form lf,α ∈ M
α
r,k(N0,Cp)
∗ acting over the
Cp-generators of the vector space M
α(N0p
ν ,Cp) =M
α
r,k(N0p
ν , Q¯)⊗Q¯ Cp by
lf,α(g) = ip(Lf,α(g)) = ip
(
〈f 0, α−νUν(g)〉
〈f 0, f0〉
)
Proof. — i) See [Miy89], theorem 4.5.5.
ii) We have
f 0 |k U
∗ = f ρ0 |k WN0W
−1
N0
UWN0 = α¯f
ρ
0 |k WN0 = α¯f
0
iii) For every function
g1 = (U − αI)
ng ∈ Ker(πα,0) = Im(U − αI)
n
we have〈
f 0, g1
〉
=
〈
f 0, (U − αI)ng
〉
=
〈
(U∗ − α¯I)f 0, (U − αI)n−1g
〉
= 0
so that for g1 = g − πα,0(g), we have〈
f 0, g
〉
=
〈
f 0, πα,0(g) + (g − πα,0(g))
〉
=
〈
f 0, πα,0(g)
〉
+
〈
f 0, g1
〉
=
〈
f 0, πα,0(g)
〉
iv) We use the result of ii) : (U∗)νf 0 = α¯νf 0 :
αν
〈
f 0, πα(g)
〉
=
〈
(U∗)νf 0, U−νπα,0(U
ν(g))
〉
=
〈
f 0, πα,0(U
ν(g))
〉
=
〈
f 0, Uν(g)
〉
v) Consider the complex vector space
Ker(Lf,α) =
〈
f 0
〉⊥
= {g ∈Mr,k(N0,C) |
〈
f 0, g
〉
= 0}
It admits an algebraic basis (i.e. consisting of elements with Fourier coefficients in
Q¯) since it is stable under all “good” Hecke operators T (l), l ∤ Np :〈
f 0, g
〉
= 0⇒
〈
f 0, T (l)g
〉
= 〈T (l)|f, g〉 = 0
Such a basis is obtained by simultaneous diagonalization of all the T (l).
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The method we will use in what follows is then to construct an admissible measure
with values in (nearly holomorphic) modular forms and then to apply it the linear form
we just constructed to obtain a scalar-valued measure.
4. Construction of the distributions
In this section, we construct several modular distributions, to which the Panchishkin’s
method can be applied so as to obtain an admissible measure.
As in the introduction, let f be a newform of weight k ≥ 2, modular for the congruence
subgroup Γ0(N), with (N, p) = 1, and with Dirichlet character ψ modulo N . Let g be a
primitive form of level l < k, modular for Γ0(N) and with Dirichlet character ω modulo
N . We denote their Fourier expansions by
f =
∞∑
n=1
anq
n and g =
∞∑
n=1
bnq
n
We denote by α and α′ the roots of the p-th Hecke polynomial of f , that is
X2 − apX + ψ(p)p
k−1 = (X − α)(X − α′)
and we suppose moreover that vp(α) ≤ vp(α
′). Hida treated the case where |ap|p = 1
which implies that vp(α) = 0 by the theory of the Newton polygon. Here, the first slope
of the Newton polygon can be non-zero, and it is the reason why we call it the case of
positive slope. These distributions will be defined on the profinite group
Y = lim
←−
ν
Yν = lim←−
ν
(
Z/NpνZ
)×
By the chinese remainder theorem,
Y = (Z/NZ)
× × Z×p
The distributions we construct are very similar to those used by Hida in [Hid85], using
partial modular forms and Eisenstein distributions.
4.1. Partial modular forms. —
Definition 4.1. — Let g =
∑∞
n=0 anq
n ∈ Ml(Γ1(N), Q¯), ν ∈ N and a ∈ (Z/Np
νZ)×.
Then we set
g((a)ν) =
∞∑
n≡a mod Npν
anq
n
In fact, g((a)ν) is a modular form with the same weight than g, but with higher level,
as stated by the following proposition.
Proposition 4.2. — With g, ν and a as previously, g((a)ν) ∈Ml(Γ1(N
2p2ν))
Proof. — It is a special case of the proposition 8.1 of [Hid85].
Then, it is obvious that we define a distribution over Y = lim
←−
(Z/NpνZ)×, with values
in modular forms.
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4.2. Eisenstein distributions. — Here, we quickly redefine Eisenstein distributions,
following Panchishkin’s paper [Pan03b] where the reader can find all the details, especially
about the Fourier expansion of such distributions.
First, we need to define classical Eisenstein series :
Definition 4.3. — Let l, N be to natural integers, l, N ≥ 1, z ∈ H, s ∈ C. For
l +Re(s) ≥ 2 and a, b ∈ Z/NZ we set
El,N(z, s; a, b) =
∑
(c,d)≡(a,b) mod N
(c,d) 6=(0,0)
(cz + d)−l|cz¯ + d|−2s
These functions have well known automorphic properties and their Fourier expansion
is also known.
Definition 4.4. — For 0 ≤ r ≤ l − 1, ν ≥ 0 and a ∈ (Z/NpνZ)× we set
Er,l((a)ν) =
Γ(l − r)(Npν)l−2r
(−2iπ)l−2r(−4πy)r
∑
b mod Npν
e
(
−
ab
Npν
)
El,Npν(z,−r; 0, b)
Remark 4.5. — Even if the notation Er,l((a)ν) is not obvious, it denotes a function of
the complex variable z.
Proposition 4.6. — Functions defined previously are nearly holomorphic modular
forms. Precisely :
Er,l((a)ν) ∈Mr,l(Γ1(N
2p2ν))
Their Fourier expansion is given by
Er,l((a)ν) = εr,l,ν(a) + (4πy)
−r
∞∑
n=1

 ∑
d|n
d≡a mod Npν
sgn(d)dl−2r−1

W (4πny, l− r,−r)qn
where
εr,l,ν(a) =
1
2
(−4πy)−r
[
Γ(l + s)
Γ(l + 2s)
ζ(1− l − 2s, a,Npν)
]
|s=−r
with ζ(1− l− 2s, a,Npν) denotes the partial zeta function and W (4πny, l− r,−r) is the
Witthaker polynomial
W (y, α,−r) =
r∑
i=0
(−1)i
(
r
i
)
Γ(α)
Γ(α− i)
yr−i
Proof. — See [Pan03b], section 2.
5. Construction of the admissible measure
In the following we shall use distributions defined over Z×p for which the divisibility con-
dition will be easier to prove. The distributions we use are obtained from the previously
defined partial modular distributions and Eisenstein series :
g((a)ν) =
∑
0<n≡a mod Npν
b(n)qn
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Ebr,m((a)ν) = Er,m((a)ν)− b
m−2rEr,m((b
−1a)ν)
where b is a fixed integer prime to Np.
Definition 5.1. — For 0 ≤ r ≤ k − l − 1, we define
Φr((y)ν) = (−1)
r
∑
a∈Yν
ψ(a)ω¯(a)g((a2y)ν)E
b
r,k−l((a)ν)
The normalisation factor (−1)r will be useful later to verifiy the congruence condition.
These distributions were suggested in the ordinary case by Panchishkin [Pan87]. In-
stead of using nearly holomorphic modular forms, he was using their holomorphic pro-
jection, but this does not change the final result because we then use the Petersson inner
product with an holomorphic modular form.
Now, we want to use the Panchishkin method described before, with κ = 2. For
this, we need to verify both conditions : the level condition and the condition about the
divisibility of the Fourier coefficients.
Remark 5.2. — Remind that in order to apply Panchishkin’s method, we need to con-
struct admissible measures out of sufficiently many distributions. Here, we defined k − l
distributions Φj , j = 0, . . . , k − l − 1. So everything we do next will be true only under
the hypothesis that 2([vp(α)] + 1) ≤ k − l. This means that the slope of the Newton
polygon associated with the Hecke polynomial is not too big. Especially, this is the case
in the ordinary case, i.e. when α is a p-adic unit.
Example 5.3. — Take Ramanujan’s ∆ function for f , and g of weigth 2 (for exemple
the modular form associated with an elliptic curve), and p = 7. Then, the p-th Hecke
polynomial of f is X2 + 16744X + 711. By the Newton polygon theory, we see that
vp(α) = 1 while k − l = 10, so we have enough distributions to apply our method.
5.1. The level condition. — As usual, the level condition is easier to verify than the
divisibility one. Indeed, we know that if a ∈ Yν, then the partial modular form is in
Sl(N
2p2ν).
We also know that the Eisenstein series verify Er,k−l((a)ν) ∈ Mr,k−l(Np
ν) ⊂
Mr,k−l(N
2p2ν).
Hence, for all a, y ∈ Yν , g((a
2y)ν)E
b
r,k−l((a)ν) ∈ Sr,k(N
2p2ν) so that
Φr((y)ν) = (−1)
r
∑
a∈Yν
ψω¯(a)g((a2y)ν)E
b
r,k−l((a)ν) ∈Mk(N
2p2ν)
proving the level condition.
5.2. Using distributions over Z×p . — In this part we aim at explaining how and why
we reduce the proof to distributions over Z×p as Gorsse did for symetric squares [Gor06].
What we want to prove is an inequality with the p-adic norm, so congruences modulo
p. But reasonning with the profinite group Y gives congruences modulo Npk, while using
Z×p is the same that manipulating congruences modulo a power of p.
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Let ξ be a fixed Dirichlet character modulo N . We can then define a distribution Φξr
over Z×p by ∫
Z×p
χ(x)dΦξr(x) =
∫
Y
χ(xp)ξ(xN)dΦr(x)
where xp : Y → Z
×
p et xN : Y → (Z/NZ)
× are the canonical embeddings.
Given Φr, it defines the family Φ
ξ
r, where ξ runs through the set of Dirichlet characters
modulo N . Conversely, given the family of the Φξr, it is possible to construct Φr.
Indeed, the characteristical function of the open set y + (Npν) is
1
ϕ(Npν)
∑
χ mod Npν
χ¯(y)χ =
1
ϕ(N)
∑
ξ mod N
ξ¯(yN)
(
1
ϕ(pν)
∑
χ mod pν
χ¯(yp)(χ× ξ)
)
So
Φr(y + (Np
ν)) =
1
ϕ(N)
∑
ξ mod N
ξ¯(yN)
(
1
ϕ(pν)
∑
χ mod pν
χ¯(yp)Φ
ξ
r(χ)
)
We choose to prove the divisibility condition for each family Φξr, r = 0, 1, . . . , k − l− 1
for any fixed ξ. Then two solutions are possible to conclude :
– either remark that considering the expression of the Φr depending on the Φ
ξ
r, the
family of the Φr also verifies the condition so that it is possible to apply Panchishkin’s
method in order to construct an admissible measure Φα
– or apply Panchishkin’s method to the families of the Φξr (which obviously also verify
the level condition) in order to construct admissible measures
(
Φξ
)α
and then use them
to construct Φα.
In all what follows, in order to simplify the notations, we prove the result with ξ = 1
(the trivial character) and abusively write Φr instead of Φ
1
r . After the proof, we will
explain why it is essentially the same for any Dirichlet character ξ modulo N .
5.3. The divisibility condition. —
Proposition 5.4. — There exists a positive real number C such that for every open set
y + (pν) of Z×p we have
∣∣∣∣∣U2ν
r∑
r′=0
(
r
r′
)
(−yp)
r−r′Φr′((y)ν))
∣∣∣∣∣
p
≤ Cp−νr(1)
The different steps of the proof are as follow :
1) by definition, the p-adic norm of
∑r
i=0(4πy)
−i
∑∞
n=0 a(i, n)q
n is the supremum of
the norms of the coefficients |a(i, n)|p. To prove the inequality (1), it is sufficient to
prove that the majoration is available for each Fourier coefficient. So the first step is
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to compute these Fourier coefficients, and we will show that they are :
a(i, n) = p2νi
r∑
r′=0
(
r
r′
)
(−yp)
r−r′(−1)r
′
(−1)i
(
r′
i
)
Γ(k − l − r′)
Γ(k − l − r′ − i)
∑
n1+n2=np2ν
bn1n
r′−i
2
×
1
ϕ(pν)
∑
χ mod pν
χ(n1)χ¯(y)
(
1− bk−l−2r
′
ψω¯χ¯2(b)
) ∑
0<d|n2
ψω¯χ¯2(d)dk−l−2r
′−1
2) by the ultrametric inequality, it is sufficient to prove the majoration with fixed n,
n2 and d. Moreover, as n2 is prime to p (in the contrary case, the corresponding term
is zero), it is the same for d. Hence, n2 and d are p-adic units, so that it is sufficient
to majorate terms of the form :
bn1p
2νi
r∑
r′=0
(
r
r′
)
(−yp)
r−r′(−1)i
(
r′
i
)
Γ(k − l − r′)
Γ(k − l − r′ − i)
1
ϕ(pν)
×
∑
χ mod pν
(
−
n2
d2
)r′
χ
(
−
n2
yd2
)(
1− bk−l−2r
′
ψω¯χ¯2(b)
)
3) using Iwasawa’s isomorphism (see for example theorem 1.10 of [CP04]), we reduce
it to the study of an integral of the form
∫
Z
×
p
χxr
′
p dµb
where µb is a measure over Z
×
p , only depending on b.
4) we introduce a well-chosen differential operator D helping us to treat the hyperge-
ometric term (−1)i
(
r′
i
)
Γ(k−l−r′)
Γ(k−l−r′−i)
. More explicitly, we will prove that :
r∑
r′=0
(
r
r′
)
(−1)i
(
r′
i
)
Γ(k − l − r′)
Γ(k − l − r′ − i)
zr
′
=
zi
i!
Di((z − y)rp)
5) After that, it will be easy to prove the congruences we are looking for.
5.3.1. Computation of the Fourier coefficients. — The first step of the proof is to com-
pute the Fourier expansion we will later majorate. Denote :
r∑
r′=0
(
r
r′
)
(−yp)
r−r′Φr′((y)ν) =
r∑
i=0
(4πy)−i
∞∑
n=0
A(i, n)qn
using orthogonality of the characters, we can write :
Φr′((y)ν) =
1
ϕ(pν)
∑
χ mod pν
χ¯(y)Φr′(χ)
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However
Φr′(χ) =
∑
y∈pνZ×p
χ(y)Φr′((y)ν)
= (−1)r
′
∑
y,a∈(Z/pν)×
χ(y)ψω¯(a)g((a2y)ν)E
b
r′,k−l((a)ν)
=

 ∑
c∈(Z/pν)×
χ(c)g((c)ν)



 ∑
a∈(Z/pν)×
ψω¯χ¯2(a)Ebr′,k−l((a)ν)


= g(χ)Ebr′,k−l(ψω¯χ¯
2)
Morevover, the Fourier expansions of g(χ) and Ebr′,k−l(ψω¯χ¯
2) are known and are :
g(χ) =
∞∑
n=1
χ(n)bnq
n
and
Ebr′,k−l(ψω¯χ¯
2) = εbr′,k−l(ψω¯χ¯
2) +
(
1− bk−l−2r
′
ψω¯χ¯2(b)
)
(4πy)−r
′
×
∞∑
n=1

∑
0<d|n
ψω¯χ¯2(d)dk−l−2r
′−1

W (4πny, k − l − r′,−r′)qn
In this case, we previously explicited the Witthaker polynomial which is :
W (y, k − l − r′,−r′) =
r′∑
i=0
(−1)i
(
r′
i
)
Γ(k − l − r′)
Γ(k − l − r′ − i)
yr
′−i
So we can write the Fourier expansion of Ebr′,k−l(ψω¯χ¯
2) under the form :
εbr′,k−l(ψω¯χ¯
2) +
(
1− bk−l−2r
′
ψω¯χ¯2(b)
) r′∑
i=0
(4πy)−i(−1)i
(
r′
i
)
×
Γ(k − l − r′ − i)
Γ(k − l − r′)
∞∑
n=1
nr
′−i

∑
0<d|n
ψω¯χ¯2(d)dk−l−2r
′−1

 qn
so that the Fourier expansion of the product g(χ)Ebr′,k−l(ψω¯χ¯
2) is
r′∑
i=0
(4πy)−i(−1)i
(
r′
i
)
Γ(k − l − r′)
Γ(k − l − r′ − i)
(
1− bk−l−2r
′
ψω¯χ¯2(b)
)
×

 ∑
n1+n2=n
n2>0
χ(n1)bn1n
r′−i
2

 ∑
0<d|n2
ψω¯χ¯2(d)dk−l−2r
′−1

+ χ(n)bnεbr′,k−l(ψω¯χ¯2)


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To end the computation of Fourier coefficients, it is sufficient to remind that U acts on
nearly holomorphic modular forms by(
r∑
i=0
ω−i
∞∑
n=0
ai(n)q
n
)∣∣∣∣∣U =
r∑
i=0
ω−ipi
∞∑
n=0
ai(np)q
n
We are now able to compute the coefficients we previously denoted by A(i, n).
A(i, n) = p2νi
r∑
r′=0
(
r
r′
)
(−yp)
r−r′(−1)i
(
r′
i
)
Γ(k − l − r′)
Γ(k − l − r′ − i)
(−1)r
′
∑
n1+n2=np2ν
bn1n
r′−i
2
×
1
ϕ(pν)
∑
χ mod pν
χ(n1)χ¯(y)
(
1− bk−l−2r
′
ψω¯χ¯2(b)
) ∑
0<d|n2
ψω¯χ¯2(d)dk−l−2r
′−1
The non-zero terms in A(i, n) will necessarily be those with n1 prime to p (in the
contrary case, χ(n1) = 0). Then the relations n1+n2 = np
2ν and d | n2 show that n2 and
d are also prime to p. Then n1, n2 and d are p-adic units. As a consequence, we can write
A(i, n) as a linear combination with units coefficients of terms of the following form :
B(i, n, n1, d) = p
2νi
r∑
r′=0
(
r
r′
)
(−yp)
r−r′
(
r′
i
)
(−1)i
Γ(k − l − r′)
Γ(k − l − r′ − i)
(−1)r
′
nr
′
2 bn1
×
1
ϕ(pν)
∑
χ mod pν
χ(n1)χ¯(y)χ¯
2(d)d−2r
′
(
1− bk−l−2r
′
ψω¯χ¯2(b)
)
= p2νi
r∑
r′=0
(
r
r′
)
(−yp)
r−r′
(
r′
i
)
(−1)i
Γ(k − l − r′)
Γ(k − l − r′ − i)
(−n2)
r′bn1
×
1
ϕ(pν)
∑
χ mod pν
χ(−n2)χ¯(y)χ¯
2(d)d−2r
′
(
1− bk−l−2r
′
ψω¯χ¯2(b)
)
5.3.2. Use of a p-adic integral. — In this section, we wish to use Iwasawa’s isomorphism
in the goal of considering integrals over Z×p .
Considering the term 1 − bk−l−2r
′
ψω¯χ¯2(b) with b, ψ and ω fixed, we can see it as a
Cp-analytic bounded function of the variable x = χx
r′
p . Iwasawa’s isomorphism then says
that it is the Mellin transform of a measure µ, evaluated at the point x. This measure
then verifies :
1− bk−l−2r
′
ψω¯χ¯2(b) =
∫
Z
×
p
χxr
′
p dµ
An important fact in what follows is that this measure only depends on b, ψ and ω
previously fixed, and so is independant of r′. Hence, the following equality holds :
B(i, n, n1, d) = bn1p
2νi
r∑
r′=0
(
r
r′
)
(−yp)
r−r′(−1)i
(
r′
i
)
Γ(k − l − r′)
Γ(k − l − r′ − i)
×
1
ϕ(pν)
∑
χ
χ
(
−n2
yd2
)(
−n2
d2
)r′ ∫
Z×p
χxr
′
p dµ
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= bn1p
2νi
r∑
r′=0
(
r
r′
)
(−yp)
r−r′(−1)i
(
r′
i
)
Γ(k − l − r′)
Γ(k − l − r′ − i)
×
∫
Z
×
p
1
ϕ(pν)
∑
χ
χ
(
−n2x
d2
)(
−n2x
yd2
)r′
p
dµ(x)
= bn1p
2νi
r∑
r′=0
(
r
r′
)
(−yp)
r−r′(−1)i
(
r′
i
)
Γ(k − l − r′)
Γ(k − l − r′ − i)
×
∫
x≡−d2yn−12 mod p
ν
(
−n2x
d2
)r′
p
dµ(x)
5.3.3. Use of a differential operator. — Now, working with n, n1 and d fixed, we wish to
introduce a differential operator which use could help us to understand the origin of the
hypergeometric factor (−1)i
(
r′
i
) Γ(k−l−r′)
Γ(k−l−r′−i)
.
First, let’s write (
r′
i
)
=
r′ × (r′ − 1) . . . (r′ − i+ 1)
i!
(−1)i
Γ(k − l − r′)
Γ(k − l − r′ − i)
= (−1)i(k − l − r′ − 1)× · · · × (k − l − r′ − i)
= (i+ r′ + l − k)× · · · × (1 + r′ + l − k)
Making the change of variable z = −xn2
d2
, we define the differential operator D by
D = zk−l−i
d
dz
1
zk−l−i−1
d
dz
It is then easy to check that
Dzr
′
= r′(i+ r′ + l − k)zr
′−1
and by induction that
Dizr
′
= r′ . . . (r′ − i+ 1)(i+ r′ + l − k) . . . (1 + r′ + l − k)zr
′−i
Consequently, the following equality holds :
r∑
r′=0
(
r
r′
)
(−yp)
r−r′(−1)i
(
r′
i
)
Γ(k − l − r′)
Γ(k − l − r′ − i)
zr
′
=
zi
i!
Di
(
(z − y)rp
)
5.3.4. Proof of the congruences. — Now, we have all the tools we need to prove the
inequality (1). Remind that by what we already said, it is sufficient to prove that the
inequality holds for B(i, n, n1, d).
But, using the tools we just introduced, we have :
B(i, n, n1, d) = bn1p
2νi
r∑
r′=0
(
r
r′
)
(−yp)
r−r′(−1)i
(
r′
i
)
Γ(k − l − r′)
Γ(k − l − r′ − i)
∫
x≡−d2yn−12
zr
′
dµ(x)
=
bn1p
2νi
i!
∫
x≡−d2yn−12 mod p
ν
Di
(
(z − y)rp
)
zidµ(x)
=
bn1p
2νi
i!
∫
Z
×
p
δy(z)D
i
(
(z − y)rp
)
zidµ(x)
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where δy denotes the characteristic function of the open set y + (p
ν).
Notice that when z ≡ y mod pν , then (z− y)r ≡ 0 mod pνr so that Di ((z − y)r) ≡ 0
mod pν(r−2i). Thereby the following inequality holds :
|B(i, n, n1, d)|p ≤ |bn1 |p|p|
−2νi
p
1
|i!|p
∣∣Di ((z − y)r) yi∣∣
p
≤ |g|p
1
|r!|p
pν(2i−2i−r)
≤ Cp−νr
This achieves the proof of the divisibility condition in the case where ξ is the trivial
character.
Before the proof, we noticed that it would not be really harder with any character ξ
modulo N . Indeed, in the upper proof, it suffices to replace χ by χ× ξ, the only change
being in the use of Iwasawa’s isomorphism : we still consider a function of the variable
χxrp, which now depends also on ξ. This is not embarassing for the following since we
work with ξ fixed.
6. Computation of the integrals
In this section, we try to compute explicitly the integrals obtained with the admissible
measure defined in the previous section (in what follows, Φα is the distribution constructed
previously, not just the cas ξ = 1), and to link them with Rankin product. For that, the
reasonning is analogous to the one of Panchishkin in [Pan03b], where he treats the case
when g is an Eisenstein series convolution. The result is the one given by theorem B.
We want to compute the integrals∫
Y
χ(y)yrplf,α(dΦ˜
α)(2)
where χ is a Dirichlet character modulo pν and 0 ≤ r ≤ k − l − 1.
Notice that the application of the linear form lf,α to the measure Φ˜
α is only in the goal
of having numerical distributions, Φ˜α being a modular distribution.
∫
Y
χ(y)yrplf,α(Φ˜
α) = lf,α
(∑
a∈Yν
χ(a)
∫
(a)ν
yrpdΦ˜
α
)
= lf,α
(∑
a∈Yν
χ(a)Φαr ((a)ν)
)
where Φαr ((a)ν) = U
−2ν [πα,1U
2νΦr((a)ν)] denotes the α-primary part of Φr, so that
Φαr ((a)ν) = U
−2ν
[
πα,1U
2ν
(
(−1)r
∑
b′∈Yν
ψω¯(b′)g((b′2a)ν)E
b
r,k−l((b
′)ν)
)]
Hence,
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∫
Y
χ(y)yrplf,α(dΦ˜
α) = lf,α
(∑
a∈Yν
χ(a)Φαr ((a)ν)
)
= lf,α
(
U−2ν
[
πα,1U
2ν
(
(−1)r
∑
a,b′∈Yν
χ(a)ψω¯(b′)g((b′2a)ν)E
b
r,k−l((b
′)ν)
)])
Since χ(a)ψω¯(b′) = χ(ab′2)ψωχ2(b′), we have∫
Y
χ(y)yrplf,α(Φ˜
α) = lf,α
(
U2ν
[
πα,1U
2ν
(
(−1)rg(χ)Ebr,k−l(ψωχ
2)
)])
To simplify notations, from now on we denote h = (−1)rg(χ)Ebr,k−l(ψωχ
2).
From the definition of lf,α
lf,α
(
U−2ν
[
πα,1U
2νh
])
= ip
(
〈f 0, α−2νU2ν(h)〉Np
〈f 0, f0〉Np
)
= ip
(
α−2νp2ν(k−1)
〈V 2ν(f 0), h〉Np2ν+1
〈f 0, f0〉Np
)
where V denotes the operator defined by V (f)(z) = f(pz) = p−k/2f |k
(
p 0
0 1
)
Last identity is obtained by watching the action of double cosets :
< f 0, U2ν(h) >Np =
〈
f 0, h |k
[
Γ0(Np
2ν+1)
(
1 0
0 p2ν
)
Γ0(Np)
]〉
Np
=
〈
f 0 |k
[
Γ0(Np)
(
p2ν 0
0 1
)
Γ0(Np
2ν+1)
]
, h
〉
Np2ν+1
But it is well-known that
[
Γ0(Np)
(
p2ν 0
0 1
)
Γ0(Np
2ν+1)
]
=
[
Γ0(Np)
(
p2ν 0
0 1
)]
so that f 0 |k
[
Γ0(Np)
(
p2ν 0
0 1
)
Γ0(Np
2ν+1)
]
= p2ν(k−1)f 0(p2νz) = p2ν(k/2−1)f 0 |k(
p2ν 0
0 1
)
Now, using the action of the principal involution of level Np2ν+1 :
(
0 −1
Np2ν+1 0
)
〈
V 2ν(f 0), h
〉
Np2ν+1
=
〈
(V 2ν(f 0)) |k WNp2ν+1 , h |k WNp2ν+1
〉
Np2ν+1
From the definition of f 0 = f ρ0 |k WNp, we have
(V 2ν(f 0)) |k WNp2ν+1 = p
−2νk/2f 0 |k
(
p2ν 0
0 1
)(
0 −1
Np2ν+1 0
)
= p−2νk/2f ρ0 |k WNp2ν+1WNp2ν+1
= (−1)kp−νkf ρ0
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so that we transformed the inner product in〈
V 2ν(f 0), h
〉
Np2ν+1
= (−1)kp−νk 〈f ρ0 , h |k WNp2ν+1〉Np2ν+1
Going back to the computation of the integral (2) :
(−1)k+r
∫
Y
χ(y)yrplf,α(dΦ˜
α) = (−1)k+rlf,α
(
U−2ν
[
πα,1U
2ν(h)
])
= ip
(
α−2νp2ν(k/2−1)
〈
f ρ0 , g(χ) |l WNp2ν+1 × E
b
r,k−l(ψω¯χ¯
2) |k−l WNp2ν+1
〉
Np2ν+1
〈f 0, f0〉
)
From now on, we denote ωχ2 the Dirichlet character of g(χ) by ξ. It remains to express
the numerator as a Rankin product. We already know that
Er,k−l(ψξ¯) |WNp2ν+1 =
(Np2ν+1)k−l−2r/2Γ(k − l − r)
(−2iπ)k−l−2r(−4πy)r
N−10 G((ψξ¯)0)
×
∑
0<t|N1
µ(t)(ψξ¯)0(t)t
−1Jk−l,N0(t
−1N1z,−r, (ψξ¯)0)
where (ψξ¯)0 is the primitive Dirichlet character modulo N associated to ψξ¯ and N1 =
Np2ν+1/N0 and G((ψχ¯)0) is its Gauss sum and Jk−l,N0 is defined as in [Pan03b]. Since
Ebr,k−l(ψξ¯) =
∑
a∈Yν
ψ(a)ξ¯(a)Er,k−l(a)− b
k−l−2r
∑
a∈Yν
ψ(a)ξ¯(a)Er,k−l(b
−1a)
= (1− bk−l−2rψ(b)ξ¯(b))Er,k−l(ψξ¯)
it is sufficient to treat the case of Er,k−l to deduce those of E
b
r,k−l.
In this purpose, we use a result of Shimura, under the form given in [Hid85] :
Proposition 6.1. — With previous notations, we have
DNp2ν+1(l + r, f
ρ
0 , g(χ) |WNp2ν+1) =
C
∑
0<t|N1
µ(t)t−1(ψξ¯)0(t)
〈
f ρ0 , g(χ) |WNp2ν+1Jk−l,N0(t
−1N1z,−r, (ψξ¯)0)y
−r
〉
Np2ν+1
with C = π−k+2l+3r+122l+2r−1(Np2ν+1)k−l−2r−1N−10 G((ψξ¯)0)
Γ(k−l−r)
Γ(l+r)Γ(r+1)
where G((ψξ¯)0) is
the Gauss sum of (ψξ¯)0.
Going back to the inner product appearing in the computation of the integral :〈
f ρ0 , g(χ) |l WNp2ν+1E
b
r,k−l(ψξ¯) |WNp2ν+1
〉
=
(1− bk−l−2rψξ¯(b))
(Np2ν+1)
k−l−2r
2 Γ(k − l − r)
(−2iπ)k−l−2r(−4π)r
N−10 G((ψξ¯)0)
×
∑
0<t|N1
µ(t)(ψξ¯)0(t)t
−1
〈
f ρ0 , g(χ) |WNp2ν+1Jk−l,N0(t
−1N1z,−r, ψξ¯)y
−r
〉
Np2ν+1
Using Shimura’s formula, this is equal to :
(
1− bk−l−2rψω¯(b)
) (Np2ν+1) k−l−2r2 Γ(k − l − r)
(−2iπ)k−l−2r(−4π)r
N−10 G((ψξ¯)0)DNp2ν+1(l+r, f
ρ
0 , g(χ) |l WNp2ν+1)C
−1
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Thus the integral (2) is equal to :
(−1)k+r
∫
Y
χ(y)yrpdΦ˜
α(y) = α−2νp2ν(k/2−1)(1−bk−l−2rψξ¯(b))
DNp2ν+1(l + r, f
ρ
0 , g(χ) |l WNp2ν+1)
〈f 0, f0〉Np
×
(Np2ν+1)
k−l−2r
2 Γ(k − l − r)
(−2iπ)k−l−2r(−4π)r
N−10 G((ψξ¯)0)π
k−2l−3r−121−2l−4rN1+2r+l−k
×N0G((ψξ¯)0)
−1p(1+2r+l−k)(2ν+1)
Γ(l + r)Γ(r + 1)
Γ(k − l − r)
Grouping similar terms, we have
(−1)k+rlf,α
(∫
Y
χ(y)yrpdΦ˜
α(y)
)
= α−2ν(1−bk−l−2rψχ¯(b))
DNp2ν+1(l + r, f
ρ
0 , g(χ) |l WNp2ν+1)
〈f 0, f0〉Np
× π−l−2r−121−k−l−2rN1−(k−l−2r)/2p(2ν+1)(1−(k−l−2r)/2)(−1)rik−l−1Γ(l + r)Γ(r + 1)
In order to conclude the proof of the theorem, let us use the unicity property of ad-
missible measures (Thm 2.6). This proves that the admissible measure we constructed is
the only admissible measure taking those values in the critical strip {l, l + 1, . . . , k − 1}.
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